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Abstract. In this paper we use fractal geometry to investigate boundary aspects of the first homology group 
for finite coverings of the modular surface. We obtain a complete description of algebraically invisible parts 
of this homology group. More precisely, we first show that for any modular subgroup the geodesic forward 
dynamic on the associated surface admits a canonical symbolic representation by a finitely in'educible shift 
space. We then use this representation to derive an 'almost complete' multifractal description of the higher- 
dimensional level sets arising from Manin-Marcolli's limiting modular symbols. 



1. Introduction 

Let €2(0) refer to the space of cusp forms of weight 2 for some arbitrary modular subgroup G. That is, G 
is a finite index subgroup of the modular group F := PSL2 (Z). It is well known that there is a dual pairing 
between C2{G) and the first homology group Hi{Ma,^) of the associated compactified cusped surface 
Mq of genus g. That is, we have 



: i/i(AfG,]K) X C2(G) ^ C, where (7,/) := / f{z)dz. 



7 



Each element of Hi{AIg, M) can be represented by integrating the 1-form / dz along some smooth path 
between two points ^, in EI U (Q), and this determines the modular symbol ri}G G Hi{AIg,S.)- 
A possible way to extend these symbols to the non-cuspital boundary of hyperbolic space, and therefore to 
give a non-trivial homological meaning to algebraically invisible parts of Hi {Mq, K), has been suggested 
by Manin and Marcolli IMMOll . They introduced the concept 'limiting modular symbol', which is given 
for .T G K by (whenever the limit exists) 

edx) := lim -{i,x + icxp{~t)}G e Hi{Mg,M.). 

t^oo t 

Note that the limit in the definition of exists if and only if it exists for each 1-form / dz with / G C2 (G), 
and hence it is sufficient to compute it for a fixed complex basis /i, . . . , /g of C2 (G). 
The aim of this paper is to use fractal geometry in order to investigate the level sets which arise naturally 
from these limiting modular symbols. That is, for a G M^^ we consider 

:= {x- G R : ((^0(2^), /i), • ■ • , (^0(2;), /2j)) = , 
where f2k-i and f2k ■= 3tn(/fe), for fc = 1, . . . , g. 

A first analysis of this type of level sets was given in OMMOll and IIMar03ll for modular subgroups which 
satisfy the there so called 'Red-condition' (see IMMOlll ). There it was shown that for these groups 
^{i,x + i cxp{~t)}G converges weakly to zero with respect to the Lebesgue measure on the unit interval. 
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Subsequently, this result was improved in ||Mar03l by showing that Iq {x) is equal to zero Lebesgue-almost 
everywhere. Besides, these papers obtained "non-vanishing " of limiting modular symbols only for the end 
points of closed geodesies, that is for quadratic surds. In these trivial cases the limiting modular symbol 
turns out to be given by integrating along the closed geodesic and then normalizing by the hyperbolic length 
of that geodesic. 

The aim of this paper is to extend these results to arbitrary modular subgroups and to obtain that the limit- 
ing modular symbol is not equal to zero for large classes of perfect sets of positive Hausdorff dimension. 
In particular, a side result of our analysis will be that every modular subgroup satisfies the Red-condition, 
and hence that the results of OMMOll and ||Mar03l do in fact hold for arbitrary modular subgroups. 
Our main results are summarized in the following theorem, where (3g ■ — > R refers to the proper 
concave (negative) Legendre transform of the proper convex function (3g ■ 1^^^ ~* given by (3g{c() 
inftgR2„ {f3G{t)-{a\t)). 

Main Theorem. For every modular subgroup G there exists a strictly convex, differentiable function (3g '■ 

M^fl -^Rsuch that for each a <E V/3g (M^b) c M^b, 

(1.1) dimH(^„) =^G(a). 

In here, we have that /3g(0) = 1, and that Pg has a unique minimum at 0. Also, we in particular have 

tciJ'o.) ^ {K} , 

where ha G i?i(A/G,R) is uniquely determined by {{ha, fi) , ■ ■ ■ , {ha, f2g)) = a. Furthermore, the 
description of the spectrum in ( 17.71 ) is almost complete in the sense that 

V/3g (K^f) = {a e M^" : T{a) ^ 0} . 

The paper is organized as follows. In Section 2 we recall some basic facts on modular symbols. This 
includes a brief histogram on exact dual pairings. In Section 3 we first give a reminder on a beautiful 
construction which allows to visualize real numbers from a modular surface perspective. Subsequently, 
we show how this can be generalized to arbitrary modular subgroups. Here, the main result will be to use 
ergodicity of the geodesic flow to obtain that the so obtained generaUzed modular shift spaces are always 
necessarily finitely primitive. In Section 4 we introduce limiting modular symbol naturally arising from 
these generalized modular shift spaces, and show how these relate to the underlying branched geometry of 
numbers. In Section 5 we will collect facts from the thermodynamic formalism which turn out to be crucial 
in the proof of our main theorem, which will then be given in Section 6. 

Remark. 1. It is well known that the modular subgroup quotient H/G can be viewed as a complex alge- 
braic curve permitting an arithmetic structure. Similar to the familiar picture in which H/F represents the 
moduli space of elliptic curves, H/G represents the moduli space AA{G) of elliptic curves £{G) equipped 
with some finite additional structure determined by G\r. Hence, by adding the cusp points we obtain a pre- 
compactification of A^(G), given by including all possible ways in which £{G) degenerates to C \ {0}. 
Moreover, if we further include all degenerations of E{G) to noncommutative tori, we derive the com- 
pactified moduli space JvIq{G) whose boundary is given by the noncommutative space P^(R)/G. Since 
the level sets J^a are clearly G-invariant, a transfer of the results in this paper to the language of elliptic 
curve degenerations leads to that the modular multifractal spectrum corresponds to a continuous family of 
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elements of the boundary of AiQ{G) consisting of the 'bad quotients' TajG. (For the relation of noncom- 
mutative geometry and modular subgroups, and for some of the literature on this, we refer to the recent 
survey article IICM06I ). 

2. Let us also mention that the concept 'limiting modular symbol' could easily be extended to more general 
concepts of 'modular symbols at infinity'. For instance, one could consider iG.<p,i> given by 

^G,4>,i>{x) := Limt_+oo'/'(a;, t){i, x + iipix, t)}G, 

for functions (f),tp ■.'Rx M+ M+ such that (f>{x, t) and iIj{x, t) tend to zero for t tending to infinity. Here, 
Lim represents either lim, lim sup, or lim inf. However, in this paper we concentrate on Manin-Markollis's 
limiting modular symbols for which (j){x, t) :=■ 1/t, ip{x, t) exp(— i) and Lim := lim. 

2. Preliminaries for modular symbols 

For a modular subgroup G consider the space Ck{G) of cusp forms / ; H ^ C of weight fc G Z, given by 

• / is holomorphic on H as well as in each cusp of G; 

• / = (.g')'/'-(/°.9)forallgeG; 

• / vanishes at each cusp of G. 

Throughout, let Mq refer to the (possibly branched) covering surface (H U (Q))/ G of My of genus g, 
assumed to be compactified by having added the cusps. 

Recall that a p-chain is a formal sum Cp = ^ - hNi, where the Ni are p-dimensional smooth oriented sub- 
manifolds of Mg, and the coefficients ki are elements of some abelian group K. The p-homology group 
Hp{MG, IK) of Mg is then given via cycles and boundaries by Hp{MG, IK) := {cp : dcp = 0} / {Scp+i}. 
Obviously, we have that i7p(A/G, IK) = 0, for each p > 2. In particular, Hi{Mg,'Z) is obtained geo- 
metrically by taking all loops in Mg as generators and then factoring out the relation that two loops are 
homologous, that is they only differ by some boundary. By triangulating AIg such that the directed edges 
of the triangulation represent the generators of the abelian group Hi{Mg, Z) (modulo the relations given 
by zero-homologous edge cycles), each element of Hi{Mg, Z) can be written as a Z-linear combination 
of the directed edges. Hence, Hi{Mg,'Z) is a finitely generated abelian group which is always equal to 
either Z^^ or to a free product of 7?^ with some torsion subgroups of the form Z2 and/or Z3. Given 
that Hi{Mg, Z) is known, one can then apply the universal coefficient theorem to determine Hi{Mg, IK). 
Indeed, we have that Hi{Mg,K) = Hi{Mg,'Z) ®z K, and hence Hi{Mg,K) is a free IK-module of 
dimension 2g, for any ring IK. In particular, this shows that the space Hi{Mg, R) is a real vector space of 
dimension 2^. 

In order to see how Hi{Mg,R) fits in with C2 (G), note that by de Rham theory we have that the 1- 
cohomology group iJ^(M(3,R) is isomorphic to the de Rham cohomology H^^ (AfcK) :— {closed 1- 
forms}/ {exact 1-forms}, and hence defines a dual pairing (see e.g. the survey article HEGHSOD 

(•,•): HiiMc, R) X i/dR (Mg, R) ^ K, given by (7, uj) [ lo. 

By Hodge decomposition, there exists an isometry between _ffj]^(A/G,R) and the space H\ {Mg) of 
harmonic 1-forms. By considering real and imaginary parts of the pullbacks of these harmonic forms to 
H U (Q), we finally obtain an isomorphic representation of H\ {Mg) by the holomorphic cusp forms 
C2 (G). It follows that C2 (G) is a g-dimensional C-vector space (and hence a 20-dimensional M-vector 
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space) (cf. also ||Shi71| )). Hence, summarizing the above, there is an exact dual pairing of homology and 
cusp forms, given by the M-bi-linear map 

{■,■): H,{Mg,R)xC2{G)^C, given by (7,/):= / f{z)dz. 

Also, let us recall for later use that by de Rham theory we have for a fixed basis (7A:)^f^]^, consisting of 
cycles in Hi {Mq, M), that the set 

{i{jk,hi),...,{jk,K)) : fc = 1,...,20} 

is a basis for C^" over R (cf. ||Cre92| p. 10]). For the 2g x 2g real period matrix Hq := ((7*;, fj))i; j, this 
means that 

(2.1) nGGGL2g(K). 

Note that the above dual pairing shows that an element of Hi{Ma, K) can be viewed as a path in Mq, 
or alternatively as a path in H U (Q). Therefore, by viewing it as a path in EI U (Q) and noting 
that only the end points ^, ?/ G H U (Q) of the path matter, this allows to represent an elements of 
Hi (Mg, R) by the so called modular symbol 77}^ S Hi (Mg, K). In particular, for each g G G, any 
smooth path from ^ G H U (Q) to g{£^) projects to a closed path in AIg, and hence corresponds to 
a homology class in Hi{AIg,'E). Clearly, this class is represented by the modular symbol {C5<7(C)}g> 
obtained by integrating 1-forms / dz, for / G C2(G), along any smooth path from ^ to g{^). One easily 
verifies that {C,5(C)}g does not depend on ^, and that the assignment g t-^ {'?j<?(C)}g gives rise to a 
surjection of G onto Hi {Mq , Z) (the kernel of this group homomorphism is generated by the commutators 
of G). For the calculus with modular symbols, the following immediate identities are useful. For each 
77, C e H U Pi (Q) and 5 G G, we have 

u, ac = 0, 7?}g = -H ac, v}g + H c}g = u, Og, 

{Cv}g = {gi0i9iv}G, and {^,.g(0}G = {'7,5('7)}g- 
So far, we only considered paths between points in H U P^ (Q) which lie in a single G-orbit of some 
element of H U P^ (Q). In general, that is for arbitrary modular subgroups G, it is not clear how to define 
modular symbols between elements of P^ (Q) which are not in a single G-orbit. However, for congruence 
subgroups ro(iV), defined by 

rn(iV):=|^" ^^Gr|c = mod ivj for iV G N, 
it is well known that this can be resolved, and this is the essence of the following theorem. 

Theorem (Manin-Drinfeld IIMan72llDri73]| ). For each ^,ri e P'^ (Q), we have 

'7}ro(JV) e i/i (Afr„(Ar),Q). 

Finally, let us recall a view useful facts about modular subgroups and in particular also congruence sub- 
groups ro(iv). 

For instance, for the index kn [r : ro(iV)] of ro(iV) in T, we have ( IISch74ll ) 



p\N 
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Also, for the number N^. of ro(A^)-inequivalent elliptic fixed points of order fc G N and the number N^, 
of To (A^)-inequivalent parabolic fixed points, we have C IIShiTll ') 

f if 4|7V f if 9|iV 

and 



ripiw (1 + [(-1) : P]) else, { Il.iAr (1 + [(^3) : p]) else 



Noo= 0(g-c.d.(d,iV/d)), 

d\N,d>0 

where (j> is the Euler function and [ : ] refers to the Legendre symbol of quadratic residues. 
For arbitrary modular subgroups G, the following formula for the genus g of Mq is an immediate con- 
sequence of the Riemann-Roch Theorem. With Rk the number of G-inequivalent elliptic fixed points of 
order fc G N, i?oo the number of G-inequivalent parabolic fixed points, and k the index of G in F, we have 
( iShlTTI ) 

12^1 3 2~' 



3. Modular shift spaces 



One of the main ideas of this paper is to investigate limiting modular symbols by using a shift space 
which generalizes the shift space for the continued fraction expansion of elements of [—1, 1] (see e.g. 
IIArt24l ISer85l I AF9 1 1 IGKOll ). In this section we give the construction of this shift space canonically 
associated with the geodesic dynamic on the Riemann surface arising from a modular subgroup. Note 
that this construction extends the usual coding procedure for the modular surface to arbitrary modular 
subgroups. For ease of notation, we put Z := [— l,l]nl,X_i := [— 1, 0] n I and Z+i := [0, 1] fl I, where I 
denotes the set of irrational numbers. 

We begin with recalling from ||Ser85l the notion of 'type-change' for a geodesic in the upper half-plane 
H. For this note that H can be tiled by the so called Farey tesselation, that is the tesselation by F-translates 
of the ideal triangle with cusp-vertices at 0, 1 and {ioo}. Consequently, each oriented geodesic I with 
irrational end points is covered by infinitely many tiles of this tesselation. Especially, by travelling along 
I towards the positive direction each of these tiles gets intersected such that there is a single vertex of the 
three cusp-vertices always seen either on the left or on the right of the intersection of I with the tile (the 
other two vertices are seen on the opposite side). In case the single vertex is seen on the left, we say that 
the visit is of type L, otherwise it is called of type R. If in here two successive visits are of different type, 
then one says that / changes type at the point where it intersects the edge at which the two involved tiles 
intersect. 

Now, let us consider the set Cr of oriented geodesies I in H with initial point Z_ and end point given by 

£r := {I = ■■ < |/_| < 1 < • /+ < 0, and G I}. 

Each element I of Cr can then be coded by its successive 'type-changes', that is 

7^«-2^n_iy^2."ii?"2 if > 1 

^n„2X"-iy,i?"iL"2 if Z+ < -1, 



/ is coded by 
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where yi refers to the point at which / intersects the imaginary axis. This type of coding is closely related 
to the continued fraction expansion of elements y G I+i, given for t/i, j/2, • • • G N by 

y = [yi, 2/2, ...]:= ^ . 

yi H : 

2/2 + • ■ • 

Namely, we have that 

L = -[n_i,7i_2, . . .] and /+ = [ni, 712, • • .]"^ if Z+ > 1 
/_ = [n_i, 7i_2, . . .] and = — [ni, 712, • • -l^^ if Z+ < — 1. 

Next, consider the subset Cr of the unit tangent space UT{M) consisting of all those unit tangent vectors 
which are based at the imaginary axis and which give rise to geodesies I G Cr- We then have that the 
Poincare section Sr associated with Cr is given by the canonical projection of Cr onto UT{Mr)- More 
precisely, let / G £r be given such that I is coded by . . . L'^-^W^-^yiU'^R^'^ . . .. With T : z ^ z + 1 
referring to the parabolic generator of F, we have that T~'^^{1) is a geodesic which starts in [— (ni + 
1), —Til] and ends in I+i, and hence T~"i(/) is not an element of Cr- However, if we additionally apply 
the elliptic generator S : z —\/zofV, then we obtain that the resulting geodesic I' := ST^'^^{1) is an 
element of Cr, and one immediately verifies that 

= [ni,rt_i, . . .] and = -[712, 713, . . .]"\ 

Hence, in this situation we have 

S'T^"i : I = (-[?i_i,n_2, . . .], [^1,712, ---]) ^ . . .], -[712,7X3, . . .]). 

The dynamical idea behind this coding step is as follows. Let vi G Cr be given, and let v[ be the vector 
in r(Cr) obtained by sliding vi along I towards the positive direction of I until the next type-change takes 
place. The significance of ST~^^ then is that ST~"^ {v[) is an element of Cr such that its projection onto 
UT{Mr) is precisely the first return to Sr when starting from the projection of yi onto Air towards the 
direction of vi . 

Clearly, we can proceed similar if I turns out to be coded by . . . R"'-^ L'^-^yiR"'^ L"""^ .... In this case we 
obtain that 

5r"i : I = ([ri_i,rj_2, . . .], -[771,712, . . ]~^) ^ I' = {-[ni,n^i, . . .], [772,773, . . .]"^). 
This procedure is summarized by the Poincare-map Vr ■ Cr ^ Cr, given by 

' ST-"^il) if Z=(-[77_l,77_2,...],[ni,772,...]-l) 



Vr{l) := 



5T"1(0 if /=([71_l,71„2,...],-[ni,7l2, 



-1^ 



Here it is important to remark that the restriction Pr of the action of Vr to the second coordinate can also 
be described by the 'twisted Gauss-map' 

Gr '-I ^ l^x ^ SVrS(x). 

The reason why ^r is called twisted Gauss-map originates from its link to the usual Gauss-map Q : X+i 
X+i, a; I— > l/x — [[1/a;]] (where [[l/x]] denotes the integer part of 1/x). Namely, one immediately verifies 

gr{:^SrrS) : x ^ - s\gn{x)g{\x\). 
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Note that Qr can alternatively be derived directly if instead of £r one starts with the following set of 
oriented H-geodesics 

£r := {I = ■■ < |/+| < 1 < \l-\J- -1+ <0, and G I}. 

These geodesies can then also be coded by the type-change mechanism as explained above. Here, the 
relevant section Cr C UT{M.) is the set of unit tangent vectors based at the imaginary axis, giving rise to the 
geodesies in C The Poincare section arising from this wiU be denoted by Sr ■ One then immediately verifies 
that Qr coincides with the map obtained by projecting the Poincare map associated with this alternative 
approach onto the second coordinate. 

Also, note that for k E Z ;= Z \ {0} the fc-th inverse branch ^ of Vr has the property 

^-1. f [l,oo):y=[fc,j/2,...]} iffceN 

"^'"i [l,^)^{-y-ie(-(^,-l]:zj = [|fc|,y2,...]} iffc^N. 

In particular, this shows that ^ can be expressed in terms of the generators of F by T'p ]. = T'^S. On the 
other hand, for the corresponding fc-th inverse branch Q^^^. of the twisted Gauss-map we immediately have 

g-l = SV^lS = ST'^SS = ST' :{ ^+'^ ^ ^ ^ 

^^'^ ^''^ I I^i ^ /_fe if fc ^ N, 

where Ik := {sign(fc)[i/i, ?/2, ■ ■ ■] & T : yi — \k\} refers to the basic intervals. 

We can now use standard ergodic theory to obtain our actual code space via the inverse branches of Or as 
follows (cf. IIBow75l[Rue78l ). One immediately verifies that a := {Ik : fc G Z'* } is a partition of T, such 
that the sequence of refinements ( Vr=o' Sr^ia)) generates the Borel a-algebra. Hence, in terms of 
inverse branches of Qr the twisted continued fraction coding of I is as follows. For 7ii, ?i2, . . . £ N, we 
have 

[ni,n2,...] =limfc_,oo5r-«i5T"^...5r(-i)'"'= 
-[ni,n2, ...]= limfc^oo ST^'ST-^- . . . ST^'^^"^"''^ ■ 
Therefore, by defining the shift space 



{xi,X2, ■ ■ ■) £ [Z j : XiXi+i < 0, for alH e 

equipped with the shift map cr* : (a;i, X2, ■ ■ ■) '-^ {x2,X3, . . .), one immediately verifies that 

p : ^ X, {xi,X2, ■■■) ^ -sign(a;i)[|xi|, \x2\, ■ ■ ■] 
is a bijection for which p o a^, — Qr o p. 

Our next goal is to generalize this modular coding procedure to arbitrary modular subgroups G. For this, 
let Ec refer to a fixed set of left-coset representatives of the quotient space G\r. In this more general 
setting the relevant set of oriented geodesies is given by Cq [JeeEc '^('^r)- Note that there is a 1-1- 
correspondence between Cq and the Poincare section Sq for the geodesic flow on AIq, where Sq is given 
by the canonical projection of Cq '■= Ueg-Eg ^('^r) onto UT{Mg). We then adopt the above modular 
coding procedure in order to obtain a code space also in this more general situation. For this we proceed 
as follows. Assume that Eg UeeEo i'^i^) ^ {'^l) equipped with the topology inherited from R. The 
G-generalized twisted Gauss-map Qg '■ Eg Eg is then given by 

gG{x,e) := (eSrrSe-\x),e) , for e G Eg,x G e(I). 
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Analogous to the situation before, we now have that for /c G Z and e e Eq the (fc, e)-th inverse branch 

1 ^ f e(X+i) X {e} ^ e(Z_i) x {e}, (a:, e) ^ (e5r^e-i(a;), e) if fc e N 
G,(fc,e) • I ^ ^ ^ ^ (e5r^e-i(a;), e) if fc ^ N. 

Hence, we can again use standard ergodic theory to obtain our actual code space via the inverse branches 
of Og- This time the basic intervals are I^.e ■= e{Ik) x {e}, for fc G and e G Eg- Also, ug ■= 
{Ik.e : fc G Z"" , e G Eg} is a partition of such that the sequence of refinements ( V"=n^ Gn^ict) ) 
generates the Borel a-algebra of Eg. Hence, in terms of inverse branches of Qg the G-generalized twisted 
continued fraction coding of Eg is as follows. Let (x, e) G Eq be given. Then x G e(X), and we have that 
there exist rii, n2, . . . G N such that e~^(x) — ±[ni, n2, . . .]. By the above modular coding, we then have 

^ ^ f limfc^oo eST-"^ST"^ . . . 5r(-i)'"'= if e-\x) G I+i 

\ limfc^oo eST'^^ST-"^- . . . ST*^-^^'^'"" if e~^{x) G X-i. 

Clearly, the assignment (e(±[ni, 712, ...]), e) ^ ((t^-Ii ±"-2, . . .), e) gives rise to a bijection between Eg 
and Eg := E* x Eg- Unfortunately, the space Eg is not a proper shift space. However, this can be achieved 
by keeping track of the cosets GeST^^^'- ST^"-'^ . . . ST^"'' which are visited during the approximation of 
X given in ( 13. It . That is, we successively mark down as a second parameter the cosets in which those 
images of the directed imaginary axis lie on which the type-changes occur. More precisely, we define the 
shift space Eg by 

Eg := {((xi, ei), (x2, 62), . . .) G (Z' x EgT : (xi, X2, . . .) G E,, 

efe+i = Tj,^ (efc) for all fc G N}, 
where the map t^^. : Eg Eg is defined by, with =g referring to equivalence mod G, 

One immediately verifies that the assignment 

{{xi,X2, - - .),e) ^ ((xi,e), (a;2,T^i(e)), {x3,T^^{T^,{e))), . . .) 

defines an isomorphism between Eg and Eg, and hence Eg is also isomorphic to Eg. Of course, the 
advantage in using Eg to code the geodesic rays in Mg which arise from Sg is that it becomes a proper 
shift space when equipped with the shift map 

CT : Eg ^ Eg, {{xi,ei), (x2, 62), . . .) i-> ((a;2, 62), (2:3, 63), . . .), 

as well as with the canonical metric d, given for {{xk, ek))k, {{x'l^i s'k))k G Eg by 

oc 

d{{{xk,ek))k, ((4: efc))fe) := ~ ^{x„e,),ix'^,e'j) ■ 

i=l 

Note that the system (Eg, ct) relates to ordinary continued fraction expansions as follows. For {{xk, Sk))^ £ 
Eg one immediately verifies by way of finite induction, using the matrix representation of the elements in 
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r, 



e/c+i 



Txkif^k) 



— G 



ekST 



— G 



ek-iSr 



<Xk-l gJ^Xk _ 



eiST'^K . . ST'^" =ei 



sign {xi)pk-i{x) 



(-1) 



(~1) pk{x) 
■+^sign {xi)qk{x) 



) 



Here, Pn{x) / qn{x) refers to the n-th approximant of the ordinary continued fraction expansion of x := 
[|a;i|, |a;2|, . . .], with the usual convention qo{x) := p^i{x) :~ 1 and q^i{x) := po{x) := 0. 

Remark. 1. At first sight it might appear that the step from Sg and/or Yjq to Eg is just technical and that 
it achieves only little. However, this step will turn out to be crucial, since it will allow us to employ certain 
standard results from thermodynamic formalism, a formalism which is well elaborated for shift spaces of 
the type (Eg, o"). 



2. We remark that (Eg, cr) can also be represented by the skew product (^Eg, ctJ, where a : Eg ^ Eg is 
given by 



One immediately verifies that the assignment 7r((a;i,ei), (2:2,62), . . .) := ((xi,X2, . . Oj^i) gives rise to 
an isomorphism tt : Eg ^ Eg, which is a dynamical conjugacy in the sense that a ott — It o a. 
Also, note that throughout we will often identify elements {{xk, ek))k S Sg with elements {{xk)k, ei) G 
Eg, as well as with elements (ei(— sign {xi) [\xi\ ,\x2\ , ■ ■ ■]), Ci) S Eg- 

3. Let us also mention, although we are not going to use this in this paper, that (Eg, t) can be represented 
by a conformal graph directed Markov system (for an extensive discussion of these systems, we refer to 
IIMU03II ). Namely, define V := {(e, ±1) : e G Eq} to be the finite set of vertices, f := Z"" x Eq the 
countable infinite set of edges, and let two functions i,t : £ ^ V he given by i {{k, e)) := (e, — sign (fc)) 
and t{{k,e)) := (r^ (e) ,sign(fc)). Furthermore, let the edge incidence matrix A = (^M,t;)„ „g£ be 
defined by Au^v = 1 if t{u) = i (v), and Au.v = otherwise. We then have that {V,£,i,t,A) is a 
directed multigraph with associated incidence matrix A, and one immediately verifies that the subshift 
Ag := { {uk)k S £^ : Au^,Uk+i = 1, for all k e N} is isomorphic to Eg. In order to derive the conformal 
graph directed Markov system, define compact sets Ije^ij e (I+i) and I(e^_i) := e (I-i), for all 
e € Eq- Also, for each (fc, e) G £ define 



where we assume that the maps (fnk,e) are represented as Mobius transformations contained in T. With 
these preparations, one now immediately verifies that the system 



satisfies all the requirements of a conformal graph directed Markov system, apart from that a priori the 
maps (pu are not necessarily uniformly contracting. However, similar as for Schottky groups ( IIMU03I 
Example 5.1 .5]), this can get resolved by replacing the system <1>g by a sufficiently high iterate of itself. 




cr : {{xi,X2, ■ ■ .),e) t-^ {{x2,X3, . . .),T^,{e)) . 



<t'(k,e) '■= eST'' {Tk (e)) ^ : I{rkie),sign{k)} ^ 



e,— sign(fc)) , 




The final aim of this section is to show that for any modular subgroup we have that the modular shift space 
Eg satisfies a certain transitivity condition called 'finitely irreducible' (for the definition, see Proposition 



LIMITING MODULAR SYMBOLS AND THEIR FRACTAL GEOMETRY 



10 



|3.1| below). Let us remark that the main resuhs in IIMM02II are based on the assumption that the 'Red- 
condition' holds (cf. IIMM02I ). One immediately verifies that this Red-condition is in fact equivalent to 
finite irreducibility of the shift space Eq. However, the approach in IIMM02II allows to verify this condition 
only for congruence subgroups. The proof there ( IIMM02I Proposition 1.2.1]) is based on the fact that for 
congruence subgroups ro(Af) there is an isomorphism between the set of modular symbols and the set of 
M-symbols (that is P^{T,/N1j), the projective line over the ring of integers mod N (see also IICre92l )). 
This then allows to verify the Red-condition algebraically in terms of elementary congruence calculations. 
In contrast to this, our approach is completely different. To obtain the result for all modular subgroups G, 
we combine an elementary observation for the shift space with the ergodicity of the geodesic flow on 
Mg. 

In the following, SJi, refers to the set of admissible words of length n in the alphabet x Eq, and 

Proposition 3.1. For each modular subgroup G we have that the modular shift space (Sgi cr) is finitely 
irreducible in the sense of IIMU03I ). That is, there exist a finite set W C such that for all a,b € 
X Eg there exist w € W such that awb £ Sq. 

Proof. Let (m, e'), (n, e") £ x Eq be given. For simplicity, let us only consider the case in which 
m < and n > 0. Clearly, the remaining cases can be dealt with in an analogous way. Now, the aim is to 
show that there exists c = c(G) £ N such that (m, e')w{n, e") S for some w £ S^, with j < c. For 
this, observe that with e :— Tm(e') we have that (m, e')(r, e) £ E^,, for all r G N. Likewise, observe that 
if (m, e')w{n, e") £ Eg then (m, e')w{s, e") £ E^, for all s £ N. Combining these two observations, it 
follows that in order to prove the assertion it is sufficient to show that 

(3.2) there exists w' £ E;^^^ with (r, e)w'{s, e") £ Eg, for some r, s £ N. 

For this, note that we have by construction that (fc, e) £ x Eg represents the basic interval I-^k.e- 
Furthermore, in terms of cross sections we have that I-k,e represents a certain subset Ck,e of the cross 
section e(Cr) C Cg- That is, Ck,e is the set of those unit-vectors v which are based at e{{z £ H : $Ke(z) = 
0} such that the oriented M-geodesic given by v terminates in e(/_fc) and starts in either e([l, oo)) (if k is 
positive) or e((— oo, —1]) (if k is negative). Define C~ :— IJfceN ^k,e, and let S~ C Sg be the projection 
of C~ onto UT{Mg)- Expressing the assertion in ( 13.2b in these terms, it follows that we have to show that 
there exists v £ S~ and v' £ S~,, such that v' can be obtained by sliding v in positive direction along the 
Afg-geodesic given by v. But this assertion follows immediately from the fact that the geodesic flow on 
Mg is ergodic. This finishes the proof. □ 

4. The limiting modular symbol for Eg 

We already introduced the limiting modular symbol ^g in the introduction, which there was defined on R. 
We now define a slightly different version of such a symbol, namely the limiting modular symbol ^g which 
will be defined on Eg. 

Definition 4.1. The limiting modular symbol £g '■ ^g ^ i?i(A/Gi is definedforarbitrary ((xfc, Cfc))^ £ 
Eg by (whenever the limit exists as an element of Hi {Mg , K)) 

4; (((a;fc,efc))^) := lim ei{x + i exp{-t))}G. 

t~*oo t 
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Figure 4.1. Approximating path for a point {x, ei ) G Sg- 



Here, we have set x — sign [xi) [jccij , 1x21 , . . .] G I. 



Note that to {x) does not depend on the starting point i of the paths along one integrates, nor does it depend 
on the choice of the geodesic {x + i exp(— t) : t G M} (in fact, any path having x as its only accumulation 
point in P^(K) would do). Also, concerning the existence of the limit in the definition of (,g one can make 
the same remark as we made for (.q. That is, since (•, •) is a perfect dual pairing, the existence of the limit 
is guaranteed if the following limit exists for each / G C2(G), or equivalently for each member of a basis 
ofC2(G), 

lim (-{i,ei(a:; + iexp(~t))}G,/ 

t— »oo \ t 

The following proposition gives the main result of this section. 
Proposition 4.2. For {{xk,ek))k G we have 

1 " 

ic (((xfe, e..)),) = \\m j^^^^^ TA^k (zoo) , (O)}^. 

Proof. Let ((xfc, 6^))^, G Sg be given. Our first aim is to show that 

1 

21ogg„(|a;|) 

exists if and only if lim„^oo ^/tn{h ei{x + i exp(— i„))}G exists, for some sequence (i„)„gp^ tending to 
infinity. More precisely, we will show that if one of these limits exists then both limits coincide, that is 

(4.1) lG,q{{{xk,ek))k) = lim ^{i,ei{x + icxp{~tn))}G- 

n^oo tn 

For this we proceed similar to IIMM02I Proof of Theorem 0.2. 1 ] as follows. Let I (x) refer to the oriented hy- 
perbolic geodesic from ioo to x, and define = ei(ioo) and ^„ := ei (— sign(a;i)p„_2(|2;|)/(3'n-2(|a^|))i 
for n > 2. Then consider the path ui loiuj2 ■ ■ ■ which runs in succession through the oriented hyperbolic 
geodesies a;„ which start at and end in (cf. Fig. 14.1b . Clearly, when viewing as a path in 
H U P^(Q) it is a connected oriented path which approximates ei{x) in its forward direction. Next, define 



(■G,q {{{xk,ek))k) lim -j j--- > {e^ (ioo) , Ck (0)}^ 
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Hn u!nr\ei{l{x)) for n G N, and observe that the oriented geodesic path from ?/„ to y„+i is homologous 
to the geodesic path which runs from y„ via £,n+i to yn+i- It follows 

{yn,yn+l}G {VnAn+lja + J }g ' all n G N. 

Before we continue with this argument, first observe that we have for all n G N, 

Un,Cn+i}G = {e„(ioo),e„(0)}p and e„(0) = e„+i(ioo). 
Indeed, this can be seen as follows. Define gi := id., and for ?i e N let 

-sign(a;i)p„_i(|a;|) (-l)"p„(|a;|) \ 



(-1)"+^ sign (xi) 



We then have that ei(7„(zoo) = ^„ and ei(7„(0) = £,n+i- Also, since e„ =g ei.g„, there exists g„ € G 
such that g„e„ ~ eign- Using these facts as well as the G-invariance of the modular symbol, we obtain 

{e„(zoo),e„(0)}p = {5ne,i(zoo), g„e„(0)}Q = {eig„(ioo), ei5r„(0)}Q 
Using this observation, we proceed with the above argument as follows. For each n E N, we have 



{hVn+ija = {■i,y2}G + {y2,yn+i}G^ {hy2}G + ^{yk,yk+i}G 

k=2 

n 

= {■i,y2}G + ^{{yk,£.k+i}G + {S.k+i,yk+i}G) 

fe=2 

n+1 

= {«:2/2}g - {6,y2}G - {yn+l,S.n+2}G + i^k,£.k+l}G 



k=2 

n+1 

{h£,l}G - {yn+l,^n+2}G + ^ {6,Ca;+i}g 



k=l 
n+1 



= {*>Ci}g - {yn+l,£.n+2}G + {e*: («Oo) , Cfc (0) }g . 

k=l 

Now, let tn be defined implicitly by ei{x + i cxp(— i„)) :— yn- Using elementary hyperbolic geometry in 
the context of for instance Ford circles (or alternatively, see e.g. IIKS06I paragraph 3]), one immediately 
verifies that for all n G N sufficiently large we have exp(t„) x (g„(|a::|))^. 



This allows to finish the proof of ( 14.1b as follows. 

1 " 

= 7- {{hyn}G + {yn:S.n+l}G ~ {^^1)0) 

= lim 7-{«,2/n}G= 1™ —{i,ei{x + iexp{-tn))}G- 

71— *oo tn n—^QO in 

In order to finish the proof of the proposition, it remains to show that lim„_^oo j-{i,ei{x + i exp(— t„))}G 
is independent of the particular chosen sequence That is, our final aim is to show that the exis- 

tence of ?G,g (((a;fc, efe))j.) implies that I^q {{{xk, ek))^,) = ^g (((a^fc, efc))^.). In order to prove this, 
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we argue similar as in IIKS061 paragraph 3] as follows. Suppose that Iq ^ {{{xk,ek))k) exists, and de- 
fine nt :~ sup{7i G N : 21ogg„(|.T|) < t} and ah (^£G,q {{ixk,ek))k) ,hj, for arbitrary t > and 
h e C2(G). We then have 



lim sup 

t—^oo 



{{i, ei{x + iexp(-t))}Q , h) (Efe=i {efc(«oo), efc(0)}g , h) 



— lim sup 

t — ^oo 

< lim sup 

t — >oo 



t 2\ogq„^{\x\) 
21ogg„,(|a;|) ({i, ajx + iexp{-t))}^ ,h}-t (^rii {efc(»oo), efc(0)}g , h) 



2t \ogqn^{\x\) 

{{i, ei{x + icxp(-i))}g - J2ll^ {efc(ioo), efe(0)}c. , h) 



lim sup 

t — ^oo 



21og(j„j(|2;|) - t 



t 



(Efcli {efc(^oo),efc(0)}g,fe) 



21ogq„,(|x|) 
log |a;„+i| 



^ r , r II ^og\xn+i\ 11 
< limsup humsup a/jh! -r — p- = + limsup a/J . 

t^oo t n^oo [Ogqn(\x\) n^oo l0gg„(|x|) 

This shows that if a?i = holds for all ft, S C2 (G), then Iq {{{xk^ (^k))k) exists and has to be equal to 
Icq {{{xk^ ^k))k)- Hence, in this case the proof is finished. Therefore, we can now assume without loss of 
generality that there exists h G C2 (G) such that a/i > 0. By the above, in order to finish the proof of the 
proposition it is sufficient to show that lim sup,, 



-r,->,^, = 0. For this, observe 



lim 

n — ^00 



lim 

71 — ^00 



lim 

n — i-oo 



ELi {efc(ioo),efc(0)}e,/i 
21ogg„+i(|a;|) 
(ELi {efc(zoo), efc(0)}g + {e„+i(zcx)), e„+i(0)}p , h) 
21ogg„(|a:;|) + 21og|a:;„+i| 

log 



ah lim ■ 

71— »00 



21og(?„(|x|) (^1 

^ _^ ({e„ + i(ioo),e„ + i(0)}c,h} 
(Z;fc = i{efc(«oo),efc(0)}g,/i) 

2^ I log 

logg„(|2;|) 



log g„(|x|) 



Now, suppose by way of contradiction that limsup,j_,oo io|q^'(|!z'|) ^ Then there exists a subsequence 
(jife) such that limfc- 

this with our assumption ah > 0, it follows 

logg„,(|a;|) 



+00 io|g^"(i!r'|) > 0' ^"'^ consequently we have limfe^oo laJn^+il = 00. Combining 



1 



lim 



({e„,+i(ioo),e„,+i(0)}e,/i) 



fe^oo (Em=i {e™(ioo), e™(0)}g, , h) 



This is a contradiction, and hence it follows that lim sup„^^ i^°f = 0. 



log|x„,+i 

log . 
+00 logq„{\x\) 



— - = 0. 

Oih 



□ 



For our final result in this section, recall from the introduction that /i , . . . , f2g refers to a fixed M-basis of 
C2 (G) given by the real and imaginary part of some complex basis of C2 (G). We then define for ei G Eg 

and a G R^s, 

^a{ei) ■■= {x el : iixk,ek))k S Sg 

such that ({eGi{{xk,ek))k), fi), • ■ ■ , {lGi{{xk,ek))k), f2g)) = a] , 
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we have set a; := — sigii(xi) , \x2\ ,■•■]■ 

Lemma 4.3. For each e, e' e Eq and a G we have 

AmiH {Ta{e)j = dim^f [Ta{e')^ . 

Proof. Let e, e' G Eg be given. Since is finitely irreducible, it follows that there exists rt G N and 
((xi, ei), . . . , {xm e„)) G such that ei = e and e,i = e'. This implies that there exists g E G such that 
eST^i . . . ST^" = .ge'. Then note that for g := er^ge' = ST'-^' . . . ST""^ one immediately verifies that 
g{1) C T. Using this observation, the G-invariance of the modular symbol, and the fact that the limiting 
modular symbol does not depend on the starting point of the path along which one integrates, we obtain 
for each y G Ta{e') and a G R^», 

lim y{i,e'(y + icxp(-i))}g = lim \ {g(i), ge' {y + i exp{~t))}(j 

^ lim 7 {i,ee"^ge'(y + iexp(-i))} 

t—*oo t 

= /m^^{j,eg(2/ + icxp(-t))}Q 
= lim 7 {h e{g{y) + i cxp{~t))}(j . 

t^oo t 

This shows that 5 ^^^(e')^ C Ta{e). Since Ij is conformal, and hence in particular bi-Lipschitz, and 
since e, e' G Eq were arbitrary, the lemma follows. □ 

5. Modular potential and pressure function 

In this section we collect results from the general thermodynamic formalism which will be required in the 
proof of our Main Theorem. 

Let / : Sg M refer to the canonical potential function associated with the Gauss-map Q, given by 

I ■■ {{xk,ek))k ^ ^og\g' {[\xi\ , \x2\, . . .])| . 
Also, we require the potential function J : Eg ^ given for {{xk, efc))^. G Eg by 

J {{{xk,ek))^.) ■■= (({ei (ioo) , ei(0)}G, ./i) , • • ■ , ({ei (ioo) , ei(0)}G, f2s)) , 
where we will think of J as given by the vector J =: ( Ji, . . . , J2g). 

Finally, the modular pressure function P : R^s x (1/2, 00) M. associated with J is then defined for 
t = {ti, . . . , 12^) G and /3 G (1/2, 00) by (here, [ ] refers to the cyHnder set in Eg) 




Note that (t | J) - (31 is acceptable in the sense of Mauldin/Urbanski ( MMU03I Def. 2. 1 .4]), and this implies 
that P is well-defined. Also, since J is Holder continuous and bounded, one immediately verifies that 
{t\J) — (31 is summable for each /? > 1/2 (for the definition of summablity we refer to IIMU03I p. 27]). In 
particular, this also gives that P is continuous. An argument similar to IIKS06I paragraph 6] then gives that 
lim^s^ 1 P{t, /3) = cxo and lim^_too P{t, (3) = —00. Combining this with the continuity of P, it follows 
that there exists a function 

(5.1) /3g : ^ (1/2, 00) 
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such that for each t e M^s ^ave P (t, fJc (t)) = 0. 

We require the following facts from the general thermodynamic formalism, which can be found for instance 
in IIMU03I . 

• For the potential function {t\J) — I3a{t)l there exists a unique ergodic Gibbs measure ^t.^c which 
is positive on open subsets of Eq. In particular, we hence have that there exists a constant Q > 1 
such that for each lo G Sg, and x G [uj] we have 

(5 2) o-i< ^^tMM) <g 

For ease of notation, throughout we put /i^ := /it,/3G ■ 

• By setting 

dP{t,l3) 



(t,/3G(t)) "P 



{t,PG{t)) 



we have for all i G {1, . . . , 2^}, 

(5.3) duP{t,PG{t)) = j ^hdiit and dpP {t, pcit)) ^ ^ J I dfif 
With ai{t) := dt^PG (t), the implicit function theorem then implies that 

(5.4) aS) ^ -|#ff^ - T^' ^" ^ e {V . . , 20}. 

Let us deduce some further results crucial for the proof of our Main Theorem. Note that parts of the proof 
of the following result are inspired by a similar argument given in IILal87l . 



Proposition 5.1. The Hessian (V^/3g) (t) is strictly positive definite for all t G K^^. In particular, the 
function (3g ■ I^^^ ~> K is strictly convex and the gradient map W/3g ■ _> V/3g (K^^) is a diffeomor- 
phism with a well-defined inverse t : V/3g (K^") — > M?^. 

Proof. As before, let /it := Mt.^c denote the unique Gibbs measure for the potential function {t\J) — 
(3G{i)I. Also, for ease of exposition, let Jo ^I, as well as do :~ dp and di := dt^, for i = 1, . . . , 2g. 
Since t P{t, PG{t)) defines a constant function, its partial derivative with respect to ti vanishes for all 
i = 1, . . . ,2g. This implies 

a, P [t, pGit)) = -ao P {t, I3g (t)) d, Pg (t) , for alH = 1, . . . , 20, 

By taking partial derivatives with respect to tj on both sides of this equality we obtain 

d,jP{t, f3G{t))^o^P{t, (3G{t))djPG{t) 

= -{dojPit, PGim + dooP{t, PG{t)d,f3Git))dMt) ^doP [t, Pg (t)) d,, I3g (t) 
Hence, by defining 

A -.^ (Sy P (t, Pg (i))).,,=o,...,20 and C := (c^ ),_^. , 



where 



we obtain 



ctj{t) for i = 0, J = 1, . . . , 20 
Sij for i,j = l,...,20 



i-do P {t, (3g m id.j Pg m,j=i,...,2s ^--B^C AC. 
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Using (|5.3l l, it is now sufficient to show that B is strictly positive definite, or what is equivalent that A is 
positive definite on the image Ini(C) of C. Here, 

Ini(C7) := ||^^A,a,,Ai,...,A2B^ : (Ai, . . . , Aa^) £ M^b | . 

For this it is sufficient to show that we have for all y = (j/o, J/i, • • ■ , 2/2g) £ Im (C) \ {0}, 

y^Ay > 0. 

In order to prove this, note that by IIMU03I Proposition 2.6.14] we have 



oo 



k=0 

Using this, it follows 



T 

y 



2b 2b / 2fl 2b \ 

= H y^yj^'i {Ji-. Jj) = iytJh yjJj) ^'^f [Yl Vi'^^-^Y y^-^' ) 

i,j=0 ij=0 \i=0 i=0 ) 

Since = fit{Ji)/ fit{I), we have for y = (X) A^a;, Ai, . . . , A2g) E Im(C), 

/ 2fl 2b \ 

\i=i i=i / 

Let us assume by way of contradiction that (^'i^QyiJij = 0. Note that (j2i=Qyi'^i^ = if 
and only if J2i=o yi'^i cohomologous to within the class of bounded Holder continuous functions. The 
latter means that there exists a bounded Holder continuous function u on Sg such that (cf. IIMU03I Lemma 
4.8.8]) 

2fl 

(5.5) yjJi ^ u-uoa. 

4=0 

Hence, it remains to show that ( |5.5l l implies (Ai , . . . , A2b) ~ 0. In order to see this, we distinguish the fol- 
lowing two cases. First, if Y^iLi ^i'^i 7^ then '^i'^i ~ ^iCtil is an unbounded function (since 
/ is unbounded). Since the right hand side of ( I5.5l l is bounded, we then immediately have a contradiction. 
Secondly, if X^ifi ^iOa = then consider F := X]i=i ''^iJi- We first investigate how F behaves on ele- 
ments u) := ((xfc, ek))k G which are periodic in the second coordinate, that is where there exist p G N 
such that Cmp+j ~ ej for all m = 0, 1, . . . and j = 1, . . . ,p. In this situation we necessarily have that 
Sp-iF{uj) = 0, since otherwise we would have lim,„^oo |'5mp-i-P'(w)| = lim,„^oo \''nSp-iF{u!)\ ~ 00 
which contradicts ( 15. 5t . Therefore, 

2b / P \ 

(5.6) Sp^iF{io) = 51 E (*^) ' ^^ma ' fi ) = 0- 

j=l \ k=l I 
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Now let {71, . . . ,72g} be a basis of Hi {AIq,M.) consisting of cycles. Each 7^ can be represented by 
an oriented closed geodesic in Mg- The forward directions of these geodesies correspond to elements 
Zi = [xi,X2, ■ ■ ■] G [0, 1] which are periodic in their continued fraction expansion, of period 2ri say (if 
the period is odd, then replace the geodesic by twice the geodesic. Since Eg is finite, it follows that there 
exists TTii £ N and Ci^i € Eg such that for oji :— ((— xi, e^.i) , {x2, ei.2) , e^.s) , . . .) S Eg we have 

Si.2mirik = Ci,!, for all fc G N (notc, in this step it is vital that the periods were chosen to be even). Hence, 
uji is of period 2miri. This shows that the set 

^ {ei,fc (ioo) , ei,fc(0)}Q : i = 1, . . . , 2g| 

contains a basis of Hi {AIg, The assertion now follows from combining ( 12.1b and ( 15.6b . □ 
The following immediate corollary shows that /3g and its Legendre transform given by 

^(a):= inf {/3gW , 
are in fact a Legendre transform pair (cf. IRocTOI ). 

Corollary 5.2. For the Legendre transform Pg of Pg, we have for each a G V I3g{^^), 

(a) = (3G{t{a)) ~ {t{a)\a). 

For the final proposition of this section we require the following lemma. 

Lemma 5.3. For any measure /i e (Sq, <j) we have that the first marginal ofjl := ^ o tt^^ is a shift 
invariant measure on (S*, cr*). Furthermore, ifjl can be written as a product measure v ®V onT,^ x Eg 
such that v {U) > Ofor all non-empty open subsets U C S*, then P is equal to the equidistribution on Eg, 
that is P ({e}) = \/K,for all e S Eg- 

Remark. Note that the first part of this lemma in particular shows that is a (T*-invariant measure on S*. 
It is then an immediate consequence of the ergodic theorem and the symmetry of Eg, that the limiting 
symbol vanishes almost surely for product measures of this type. In fact, this special situation occurs for 
the generaUzed Gauss-measure as discussed in IIMM02I . as well as for the Lyapunov spectrum arising from 
continued fraction expansions with bounded entries as studied in IIMar03ll . 



Proof of Lemma \5J\ For the first part let ^ C be some given Borel set. We then have 

Ti{AxEG) = Ji{a-^{AxEG))^Ji{{d~^A)xEG). 

For the second part let pe := P ({e}) for e e Eg, and define p := max {pe : e G Eg}- Also, let e' refer to 
some element of Eg such that ppj ~ p, and define for m G N and e G Eg, 

CZ' Ixeii:)'' --T^.-^-T,^ (e) = e' 



For n greater than the maximal word length of the elements in W , the tr-invariance of ji then gives 

1 " 1 " / \ 

P = ^'e' = - E (S^"" X {^'})) = - E U X {e} 

rn— 1 in—l\e^ Eg J 



n ^ — ' ^ — ' ^ — ' n 

m—1 cGEq c^Eq m—1 
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Now, note that ^^^^^ v (C™ ,) = 1, and therefore Eegs^ I Sm=i ^ (^"V) = 1- Combining this with 
the fact that by assumption we have i X]m=i ^ i^Te') 0, the calculation above implies that p,. = p for 
each e G i?G- D 

Proposition 5.4. We have dt,P (0, /3g (0)) = 0,/or alii £{!,..., 2g}. 

Proof. Since yUo is the unique ergodic Gibbs measure for the potential function — /, it follows from Lemma 
15.31 that the pull-back hq o7t~^ of to can be written as a product measure v (E)F, where P refers 
to the equidistribution on Eq- Next note that with S referring to the elliptic generator of F of order 2, we 
have that {eS : e £ Eq} is a set of representatives of G\T. Using this, it follows 



at,P(0,/3G(0)) = y ({e(ioo),e(0)}c,/,) d/io 
= -J2 ({e(*oo),e(0)}^,/,) 

= ({e(0),e(zcx3)}<.,/,) 

eeEc 

= -- E ('^°«) ' ^ (0)}g > = -5t.P (0, /3g (0)) , 



K 

eeEc 

ThisimpUes thatat.P(0,/?G (0)) = 0. □ 
Corollary 5.5. The function (3g ■ R has a unique minimum of € R^^, and (3g{0) = 1- 

Proof. Combining ( 15.41 ) and Proposition l5.4l it follows that V/3g (0) = 0. Also, by Proposition l5.1l we have 
that /3g is strictly convex. Combining these two observations, it follows that (3g has a unique minimum at 
zero. Finally, note that P{Q, 1) = (see IIKS06I ). which immediately implies that /3(0) = 1. □ 

6. Proof of Main Theorem 
For a £ IR^£' and ci e Eq, consider the set 

^a{ei) -.^ \ x el : {{xk,ek))k e such that lim '^"'^(((^fe' ^fe))*^) ^ q, 

where as before, we have set x — sign (a;i) | , |a;2| , . . .]. One immediately verifies that (g„(|a;|))^ > 
exp {SnI {{{xk, Sk))k)), and hence by Proposition l4.2l we have for each {{xk, ek))k G and a G R^^, 



((£G(((a:fc, efc))fe), /i), . . . , {iGiiixk,ek))k)j2s)) = « 



lim 



'5',iJ(((a;fe,efc))fe) 



a. 



n^oc Snl{{{xk,ek))k) 

This shows that !Fa{e) = J-a{e), for all e e _Eg- Hence, by Lemma |431 it is now sufficient to compute 
dimjj {Ta{e)) for some fixed e G Eq- For this, we define for y — [yi, j/2, . . .] G 1+i and with r) 
referring to the interval centred at y of radius r > 0, 

nr{y) := min{n : [yi, . . . , y„] C B{y,r)}, mr{y) := max{n : [yi, . . . , y„] D B{y,r)}. 

Note that we clearly have that \nr{y) — mr{y) \ is uniformly bounded from above. Using this and the Gibbs 
property of the pull-back /It(a) of Mt(a) to Eg (see ( 15.21 )). we then have for each a G V/3g (R^^) and 
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for ^((^^almost every (e(x),e) G Sg- where as before x — — sign(x-i) , \x2\ , • • •] £ -^^(e) and 
((xfe, ek))k refers to the corresponding element in Sg, 

logMt(a)(^(e(2;),?-) X {e}) 



lim 



^0 log r 

{t{a)\Sn^(\^\)J {{{xk,ek))k)) - /3(i(a))'5'„^(|:r|)/(((xfc,efe))fe) 



lim 



^0 ~Sn^(^\x\)I iiixk,ek))k) 

= f3G{t{a))~{t{a)\a)=j3^{a), 

where the last equality follows from Corollary 15 .21 Note that by combining ( 15.4b and the ergodicity of fit, 
we have that 7IjjQ,-)(e (J-a(e)) x {e})//it(Q)(e (X)x{e}) = 1. Therefore, we can apply the mass distribution 
principle (cf. IIFal90l ) which gives 

The remaining assertions of the Main Theorem are obtained as follows. Since !Fa can be written as a 
countable union of conformal images of the sets jrQ,(e) for e G we have that dim(J^Q) = dimH{^a{e))- 
This shows that dim{Ta) = (3g{<^) for all a G V/3g(]R^^), and hence gives the assertion in (II. 11 1. The 
facts /3g(0) = 1 and that /3g has a unique minimum at G have already been obtained in Corollary 
15.51 Likewise, the analytic properties of (3g stated in the Main Theorem can be deduced from Proposition 
15.11 Finally, for the assertion that the dimension spectrum is almost complete we refer to flKU06l Theorem 
1.2] (note that the results in IIKU06I are applicable since /3g is strictly convex). 
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